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ABSTRACT

The large abundance of electrically neutral particles has a remarkable impact on the dynamics of many
astrophysical plasmas. Here, we use a two-fluid model that includes charge-neutral elastic collisions
and Hall’s current to study the propagation of magnetohydrodynamic (MHD) waves in weakly ionized
plasmas. We derive the dispersion relation for small-amplitude incompressible transverse waves prop-
agating along the background magnetic field. Then, we focus on the polarization relations fulfilled
by the eigenmodes and their corresponding ratios of magnetic to kinetic energies. and we study their
dependence on the relations between the oscillation, collision and cyclotron frequencies. For low wave
frequencies, the two components of the plasma are strongly coupled, the damping due to the charge-
neutral interaction is weak and the effect of Hall’s term is negligible. However, as the wave frequency
increases, phase shifts between the velocity of charges, the velocity of neutrals, and the magnetic field
appear, leading to enhanced damping. The effect of collisions on the propagation of waves strongly
depends on their polarization state, with the left-handed circularly polarized ion-cyclotron modes be-
ing more efficiently damped than the linearly polarized Alfvén waves and the right-handed circularly
polarized whistler modes. Moreover, the equipartition relation between the magnetic energy and the
kinetic energy of Alfvén waves does not hold in general when the collisional interaction and Hall’s
current are taken into account, with the magnetic energy usually dominating over the kinetic en-
ergy. This theoretical result extends previous findings from observational and numerical works about

turbulence in astrophysical scenarios.
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1. INTRODUCTION

Plasmas in many astrophysical environments are not
fully ionized but partially ionized, meaning that they
contain a non-negligible fraction of electrically neutral
particles. This is the case, for instance, of molecular
clouds, the interstellar medium, planetary ionospheres
and the lower layers of the solar atmosphere (see, e.g.,
Ballester et al. 2018). The presence of this neutral
component, which is not directly affected by magnetic
fields, may have a strong impact on the dynamics of
the plasma (see, e.g., Mestel & Spitzer 1956; Pidding-
ton 1956; Watanabe 1961a; Kulsrud & Pearce 1969). For
instance, the momentum exchange between the electri-
cally charged and neutral particles by means of collisions
leads to the damping of magnetohydrodynamic (MHD)
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waves (Piddington 1956; Watanabe 1961b) but it also
may cause a reduction in their propagation speeds (Ku-
mar & Roberts 2003; Soler et al. 2013a) and modify the
structure of shocks (Hillier et al. 2016; Snow & Hillier
2021). In addition, the dissipation of the wave energy
due to the collisional interaction may generate an impor-
tant heating of the plasma (Leake et al. 2005; Song &
Vasylitinas 2011; Khomenko & Collados 2012; Martinez-
Sykora et al. 2012; Arber et al. 2016).

When the oscillation frequencies of the waves are much
smaller than all the frequencies associated with the colli-
sional processes, the different components of the plasma
are strongly coupled and their interaction can be accu-
rately described through single-fluid models. This ap-
proach has been used by, for instance, De Pontieu et al.
(2001), Khodachenko et al. (2004), Forteza et al. (2007,
2008) and Soler et al. (2010), to study the properties
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of the three classic types of MHD waves, that is, the in-
compressible Alfvén modes and the compressible fast and
slow magnetoacoustic modes. These works have found
that charge-neutral collisions are typically more efficient
in dissipating the magnetic energy than the acoustic en-
ergy of the waves (Soler et al. 2015b) and that the effi-
ciency of energy dissipation increases with the wave fre-
quency (Shelyag et al. 2016).

On the other hand, if the wave frequencies are compa-
rable or larger than the collision frequencies, the cou-
pling between the various species of the plasma be-
comes weaker and large drift velocities may appear, as
it has been shown by means of observations (see, e.g.,
Khomenko et al. 2016; Anan et al. 2017; Stellmacher &
Wiehr 2017; Wiehr et al. 2019, 2021; Zapiér et al. 2022;
Gonzdlez Manrique et al. 2024) and numerical simula-
tions (see, e.g., Hillier 2019; Popescu Braileanu et al.
2021a,b; Martinez-Goémez et al. 2022). In these condi-
tions, the dynamics of the plasma is better described
by multi-fluid models, which have been commonly ap-
plied in investigations of waves and hydrodynamic in-
stabilities in molecular clouds (Pudritz 1990; Balsara
1996; Mouschovias et al. 2011), planetary ionospheres
(Schunk & Walker 1971; Leake et al. 2014), the inter-
stellar medium (Pinto & Galli 2008) or the solar atmo-
sphere (Zaqarashvili et al. 2011; Khomenko et al. 2014;
Soler et al. 2016, 2017). Multi-fluid models have a larger
range of applicability than single-fluid methods and re-
veal effects that cannot be fully captured by the lat-
ter. For instance, using a two-fluid model that sepa-
rates the charged species from the neutral ones, Kul-
srud & Pearce (1969), Kamaya & Nishi (1998), and Soler
et al. (2013b,a) showed the existence of intervals of wave-
lengths in which there are no oscillatory standing MHD
waves in weakly ionized plasmas: in these so-called cutoff
regions the friction force due to collisions between ions
and neutrals dominates over the restoring force of the
magnetic tension. Moreover, the numerical studies by
Leake et al. (2012); Hillier et al. (2016); Murtas et al.
(2021, 2022) have shown that the decoupling between
ions and neutrals and the processes of ionization and re-
combination play an important role in the phenomenon
of magnetic reconnection.

The present paper is framed in the context of two-
fluid modeling. In particular, this is the first install-
ment of a series with the goal of studying the properties
of MHD waves propagating in weakly ionized plasmas.
Here, we focus on the case of small-amplitude incom-
pressible waves while the study of the effects of compress-
ibility and non-linearities is left for future works. Follow-
ing a similar procedure to that employed by Zaqarashvili
et al. (2011) and Soler et al. (2013b), we first consider
the linear regime of the two-fluid equations to derive the
dispersion relation for small-amplitude Alfvén waves and

analyze how their wavenumbers, damping rates, quality
factors, and phase speeds depend on the relation between
the wave frequency and the collision frequencies. Then,
we complement these results with the study of the eigen-
function relations (or polarization relations) fulfilled by
the eigenmodes (or normal modes) of the two-fluid sys-
tem, which is a matter that has previously received little
to no attention (one of the few examples of the use of
this procedure can be found in Ofman et al. (2005), who
applied it to the case of multi-ion plasmas in the solar
corona). This analysis allows us to check the existence of
phase shifts between the different variables of relevance
(velocity of charges, velocity of neutrals, and magnetic
field) and how these phase shifts depend on the coupling
degree between the two fluids.

Next, we explore the impact of taking into account
Hall’s term in the induction equation. It is known that in
fully ionized plasmas, the effect of this term only becomes
of special relevance when the wave frequency approaches
the frequencies associated to the cyclotron motions of the
ions (Lighthill 1960; Stix 1992; Cramer 2001), strongly
modifying the properties of waves. For instance, the lin-
early polarized Alfvén waves split into two different cir-
cularly polarized modes: the left-handed ion-cyclotron
and the right-handed whistler modes (assuming that the
wave frequency is positive). However, it has also been
shown that in weakly ionized media the collisional cou-
pling of the charges with the neutral component of the
plasma produces a reduced effective cyclotron frequency
and the influence of Hall’s term becomes important at
much lower frequencies and smaller spatial scales (Am-
agishi & Tanaka 1993; Pandey & Wardle 2008; Pandey
& Dwivedi 2015). Since we are interested in studying
a wide range of frequencies, it is important to consider
the combined effects of elastic collisions and Hall’s cur-
rent and to analyze how the properties of the waves vary
with their polarization states.

Finally, relying on the results from the investigation
described in the previous paragraphs, we move a step
further and study the energy density of the waves and
how it is distributed between its kinetic and magnetic
components. In this way, we analyze how the Walén re-
lation, which states that in fully ionized plasmas there
is equipartition between the magnetic and kinetic en-
ergies of Alfvén waves (Walén 1944; Ferraro & Plump-
ton 1958; Braginskii 1965; Priest 1984), varies in a more
general scenario. It has already been found in obser-
vations of the interplanetary plasma (Belcher & Davis
1971; Matthaeus & Goldstein 1982; Bruno et al. 1985)
and numerical simulations of turbulence in the solar wind
(Belcher et al. 1969; Tanenbaum & Mintzer 1962; Dast-
geer et al. 2000; Boldyrev et al. 2012; Wang et al. 2011)
that the equipartition relation is not always fulfilled, with
the magnetic energy being usually larger than the ki-
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netic energy. This finding has been explained in terms
of the effect of Hall’s current at short scales (Campos
1992; Galtier 2006; Lingam & Bhattacharjee 2016a,b).
In addition, in their study about turbulence in partially
ionized molecular clouds, Zweibel & McKee (1995) found
that wave damping due to ion-neutral collisions has a
small effect on the equipartition of energy. However,
these authors did not take into account Hall’s term and
assumed a strong collisional coupling which results in
a weak damping of the waves. Here, we expand this
research to a broader range of the collisional coupling
and explore whether the charge-neutral interaction, com-
bined with the effect of Hall’s current, may have a large
impact on the ratio between the magnetic and kinetic
energies for the three different kind of waves considered
in this work (Alfvén, ion-cyclotron and whistler modes).
The outline of this paper is as follows. In Section 2 we
detail the equations of the two-fluid model and the back-
ground atmosphere that we use as reference to represent
a stratified weakly ionized medium. Section 3 shows the
derivation of the dispersion relation for small-amplitude
Alfvénic waves. In Section 4 we analyze the properties
of the normal modes, focusing on the influence of the
charge-neutral collisions and Hall’s current. Finally, Sec-
tion 5 contains a summary of the main results and a dis-
cussion of their implications for both observational and
theoretical investigations of partially ionized plasmas.

2. MODEL
2.1. Two-fluid equations

In this work we study the dynamics of partially ion-
ized plasmas by means of a two-fluid approach (see,
e.g., Mouschovias et al. 2011; Zaqarashvili et al. 2011;
Khomenko et al. 2014; Popescu Braileanu et al. 2019a).
We assume that there is a strong coupling between ions
(i) and electrons (e), so they can be treated together as
one charged fluid (c), while the other fluid contains the
neutral component of the plasma (n). Both fluids are
allowed to interact by means of elastic collisions only,
so there is no ionization or recombination. In addition,
we take into account the effect of Hall’s current (Lighthill
1960; Cramer 2001) but neglect other non-ideal processes
such as Ohmic diffusion, viscosity, thermal conduction
or anisotropy of temperature. Therefore, the non-linear
equations that describe the temporal evolution of the
plasma are given by
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where p, and p. are the densities of the neutral and
charged fluid, V; and V_ their respective velocities, P,
and P, the pressures, B the magnetic field, and n, the
number density of electrons. The density and pressure of
the charged fluid contain the contributions from ions and
electrons, so p. = p; + pe and P, = P, + P,. The accel-
eration of gravity is denoted by g, the vacuum magnetic
permeability by ug, the adiabatic constant by v, and the
elementary electric charge by e.

The terms R, R¢, Qcn, and Q. describe the momen-
tum and energy transfer due to elastic collisions between
the two fluids (Schunk 1977; Draine 1986) and are given
by
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where o, and «¢, are the collisional friction coeffi-
cients, m. and m, are the masses of charges and neu-
trals, respectively, kg is the Boltzmann constant, and
T, and T, are the temperatures of the fluids. As noted
by Schunk (1977), in general the momentum and en-
ergy transfer terms should be multiplied by some cor-
rection factors that depend on the ratio between the
drift speed, |Vi, — V.|, and the reduced thermal speed,
Viherm = \/2k‘B (mTy + mnTe) / (memy,). However, in
the limit of small relative drift speeds, which is valid for
the present investigation, it is a good approximation to
not include those correction factors.

Due to the conservation of momentum, the relations
R, = —R. and oy, = a¢, are fulfilled. However, it must
be noted that Q. # Qcn. The friction coefficient for
collisions between charged and neutral species is given




by (Braginskii 1965; Draine 1986)
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where o, is the collisional cross section. The neutral-
charge and the charge-neutral collision frequencies (vyc
and v, respectively) are related to the friction coeffi-
cient by Qcn = Pnlnc = PcVen-

Finally, we assume that both fluids follow the ideal
equation of state, so

Pn = nnkBTn, Pc = nckBTm (]‘2)

where n,, and n. are the number densities of neutrals and
charges. The latter contains the contributions from ions
and electrons: n. = n; + ne.

2.2. Background atmosphere

In the present investigation we use the solar chromo-
sphere as an example of a weakly ionized environment.
For the sake of simplicity, we represent the chromosphere
as an isothermal vertically stratified medium embedded
in a uniform magnetic field, which is a modified version of
the atmospheric model used by Popescu Braileanu et al.
(2019a,b). We also assume that the plasma is only com-
posed of hydrogen, which is a valid assumption taking
into account its large abundance in comparison with the
rest of elements in this layer of the solar atmosphere
(see, e.g., Fontenla et al. 1993). Therefore, we have that
My = Me = My, Where my, is the proton mass, and that
Ny = Ne, SO Ne = 2n,. Densities and number densities are
thus related by pn = mpn, and pe = mpne/2.

Assuming that g = (0,0, —g) and that the background
magnetic field is given by By = (0,0, By), the condi-
tions of magneto-hydrostatic equilibrium derived from
Egs. (3) and (4) lead to the following expressions for
the background densities and pressures as functions of
height, z:

_Z/Hna peo(2) = pC,bote_Z/Hca (13)

Peo(2) = Pepore™*/He, (14)

Pn0(2) = Pn bot€
PnO(Z) = Pn,bote_Z/Hna

where py bots Pebots Pnbot, and P por Tepresent the val-
ues at z = 0. The parameters H,, and H. are the vertical
scale heights, given by

kpTy 2kpT,
= 2B - and H, = B0
mpg mpg

i, (15)
with Ty and T¢g the initial temperatures of the fluids.
The total density of the plasma as a function of height
is then po(z) = pno(z) + peo(2), and the relative den-
sities of each component can be defined as &,0(z) =
pno(2)/po(z) and &co(2) = peo(2)/po(z), which fulfill that
£c0(2) + &no(2) = 1. As shown by Soler et al. (2013b), it
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Figure 1. Density of neutral fluid (blue solid line) and
charged fluid (dashed orange line) as functions of height.

is also useful to define the neutral-to-charge density ratio
as

o

since this factor will appear in many of the formulas
that describe the properties of the magnetohydrody-
namic waves.

For this study, we choose the following values of the
atmospheric parameters: po(z = 0) = 5 x 107% kg m~3,
£o(z=0)=10"% g =27398 ms~2, By = 10 G, and
Teo = Tno = 6000 K. Consequently, the vertical scale
heights are H, ~ 181 km and H. = 362 km. The density
profiles of charges and neutrals as functions of height
are represented in Fig. 1, where it can be seen that
pno(z) > peo(z) in the whole atmosphere but the neutral-
to-charge density ratio decreases with height, going from
a value of x(2) = pno(2)/peo(2) =~ 10* at the bottom of
the atmosphere to a value of x(z) = 40 at the top.

Then, Fig. 2 shows the dependence on height of the rel-
evant frequencies for the present investigation. The colli-
sional frequencies vy, and v, have been computed using
a collisional cross section of oo, = 1071 m? (Draine
1980, 1986). Discussions on the effect that the precise
value of the cross-section has on the dynamics of partially
ionized plasmas can be found, for instance, in Pinto &
Galli (2008), Vranjes & Krstic (2013), Soler et al. (2015a)
or Wargnier et al. (2022). We note here that we have
dropped the subscript “0” from the symbols for the col-
lision frequencies because in the remaining of the paper
we will assume that these parameters do not vary with
time.

The black long-dashed line in Fig. 2 represents the so-
called Hall frequency (Amagishi & Tanaka 1993; Pandey
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Figure 2. Dependence on height of the collisional fre-
quencies vy and g, and the Hall frequency, Qy. For
reference, the maximum and minimum angular frequen-
cies (Wmax and wmin, respectively) of the waves consid-
ered in the study are shown as horizontal lines.

& Wardle 2008), defined as

O
O = — 17
where ; = eBy/m; is the cyclotron frequency of ions

(here m; = mp). In a partially ionized plasma, the Hall
frequency may play an analogous role to that of the ion
cyclotron frequency in fully ionized plasmas, as it has
been shown by Amagishi & Tanaka (1993), Pandey &
Wardle (2008), Pandey & Dwivedi (2015) or Martinez-
Gomez et al. (2017). The influence of this parameter on
the propagation of Alfvénic waves will be explored in the
following sections.

Finally, the horizontal lines included in Fig. 2 depict
the range of wave frequencies that we will consider in this
paper. We will study the case of 4 periods of different
orders of magnitude. The chosen values are 71 = 0.1 s,
9 =18, 73 =10 s, and 74 = 100 s, which correspond
to the angular frequencies wmax = w1 = 207 rad s~ !,
we =2 rad s71, wy = 0.27 rad 57!, and wmin = w4 =
0.027 rad s~!. With this selection we cover a wide range
of scenarios in relation to the comparison with respect
to the characteristic frequencies of the plasma, which
will have a strong influence on the behavior of the MHD
waves, as it will be shown later. For instance, we see
in Fig. 2 that wmin < Vne, Ven, u in the whole atmo-
sphere, corresponding to a case of strong collisional cou-
pling between the two fluids and where the Hall term is
not expected to play a relevant role. However, as the fre-
quency of the waves is increased, we may find regions of
the atmosphere where v, < w < Ve, and the collisional

~

coupling becomes weaker. In addition, for the largest

wave frequency we have three main different situations:
1) Qn < Wmax S Vne and wimax < Ven at the bottom
of the atmosphere (here the Hall term is expected to be
of large relevance); 2) vne S Wmax S O at the middle
heights; and 3)

NUpe < Wmax ~ Ven at the top of the atmosphere, so a
weak coupling is expected in this region.

3. METHODS
3.1. Linear regime

Since we are interested in the properties of small am-
plitude waves, we can reduce the system of equations (1)-
(7) to its linearized version. To do so, we assume that
each variable (except velocities) can be expressed as the
combination of its respective background value (denoted
by the subscript “0”) and a small perturbation (denoted
by the subscript “1”7), as f = fo + f1. For the case of
velocities and since we consider a static background, we
have that Voo = V0 = 0, 80 V. = V,; and V,, = V1.
The amplitude of the velocity perturbations is consid-
ered small in comparison with the characteristic speeds
of the system, which in the present case will be related
to the Alfvén speed (the definition of this parameter will
be shown later). After applying these assumptions, we
obtain the following set of linearized equations:

apnl
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5 + oV - Va1 =0, (18)
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c * Vel = U, 1
ot +p ov V1 0 ( 9)
oV,
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ot

P
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ot
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In the equations above we have retained the Hall term
in the induction equation, that is the last term in Eq.
(24), but we have neglected the gravity terms in the mo-
mentum equations of both fluids, although we are in-
terested in the propagation of waves in a gravitationally
stratified atmosphere. We justify this choice by assum-
ing that the wavelength of the waves of interest is much
shorter than the vertical scale heights due to gravity, H.



and H,, so the gravitational stratification does not affect
the wavelengths or damping rates due to the collisional
interaction. Therefore, the system of equations (18)-(24)
can be independently applied to each height of the atmo-
spheric model represented in Fig. 1, in a similar way as
it has been done in, for instance, de Pontieu & Haerendel
(1998) and Soler et al. (2013b,a). It is known, nonethe-
less, that the gravitational stratification does affect the
amplitude of the waves, which (for the case of the veloc-
ity perturbations) increases or decreases as they propa-
gate from denser to lighter regions or viceversa (Ferraro
& Plumpton 1958; Zhugzhda & Dzhalilov 1984; Cargill
et al. 1997). In the case of partially ionized plasmas, the
numerical results of Popescu Braileanu et al. (2019a,b)
have shown that the damping caused by charge-neutral
collisions competes with the amplitude growth due to the
stratification. The general validity of neglecting the ef-
fect of gravity in the present study is briefly discussed in
Appendix B.

It is also interesting to note that Egs. (22) and (23) do
not include either contribution from the energy transfer
terms given by Eqgs. (9) and (10). The second factor
of Q.. and @, has a quadratic dependence on the drift
velocity between the two fluids; therefore, it is straight-
forwardly disregarded by the linear approximation. How-
ever, the first factor in those expressions depends linearly
on the difference of temperatures and it could be consis-
tently retained by this approximation. However, it has
also been neglected. The reason is that those factors tend
to remove the differences in temperatures in a very short
timescale given by

1

)
VHC + Vcn

Teoll = (25)
as shown by Oliver et al. (2016). A similar result was
obtained by Spitzer (1956) for the case of collisions be-
tween ions and electrons in a fully ionized plasma. There-
fore, the contribution of the energy transfer terms can be
safely overlooked by the present linear analysis.

3.2. Normal mode analysis

Here, we derive the dispersion relation that describes
the properties of Alfvénic waves in a partially ionized
plasma under the physical conditions detailed in the pre-
vious section. We perform a Fourier analysis in space
and a normal mode analysis in time by assuming that
the spatial and temporal dependence of the small am-
plitude perturbations is given by exp (ik,z — iwt), where
k. is the wavenumber along the direction of propagation
and w is the angular frequency of the wave. We take also
into account that Alfvén waves are incompressible (see,
e.g., Cramer 2001; Goossens 2003; Goedbloed & Poedts
2004), so V- V41 = V-V, = 0, and the continuity
and pressure equations, that is Egs. (18), (19), (22),

and (23), can be dropped from the current computation.
Furthermore, Alfvén waves are polarized in the direction
transverse to the magnetic field (which we have assumed
oriented along the z direction), so we consider only the
perturbations of velocity and magnetic field along the x
and y directions.

Then, from Egs. (20), (21), and (24) we get to a sys-
tem of 6 equations where the x and y components are
coupled by the presence of Hall’s term in the induction
equation. Without the contribution of Hall’s term, we
would get an independent system of 3 equations for each
component that would result in an equivalent dispersion
relation to the one derived by Soler et al. (2013b), who
considered the vorticity perturbations of the plasma as
the reference variables instead of the velocities. That dis-
persion relation describes the properties of linearly po-
larized Alfvén waves in a partially ionized plasma. How-
ever, when Hall’s term is at play, Alfvénic perturbations
are no longer linearly polarized but circularly polarized
(Lighthill 1960; Stix 1992; Cramer 2001). Consequently,
instead of employing the z and y components of the vari-
ables for the analysis, it is more useful to resort to the
corresponding circularly polarized variables, defined as
follows:

Vig = Vix £iVey, Bix = By, +iByy,  (26)

with s € {¢,n}. Here, the “+” sign corresponds to the
left-hand polarization (L) and the “-” sign to the right-
hand polarization (R).

Taking into account the definitions given by Eq. (26),
we arrive at the following set of equations:

UJ:i:Vn:I: = il/nc (V:::I: - Vn:t) ) (27)
k.+ B .
WiVer = 2Byt ivey (Var — Ves)  (28)
HoPco
wiBiy = —k.+BoVex F oo By, (29)

where it has been taken into account that in a hydrogen
plasma n.y = njg. The dispersion relation is finally ob-
tained by combining the three previous equations and is
given by

k2. 3
3 2 £CA 2 2 2
Wl + @ (Ven + Vne) wi £ ZQA wi —k ciws
1
k2. 3
. +Ca 2 2
+i (Ven + Vne) —= wy — kS Cavne =0, (30)

O

where cp is the Alfvén speed defined in terms of the
density of the charged fluid only as

By
VH0Peo

cA = (31)
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Therefore, for each circular polarization we have an
independent dispersion relation which is a polynomial
of third order in w and of second order in k.. This
means that the number of possible wave modes depends
on whether the perturbation is generated by an impul-
sive or by a periodic driver, respectively. As it will be
checked later, when wy < €); the solutions of the two
different systems converge to the solutions for linearly
polarized Alfvén waves. However, as the frequency in-
creases, the properties of the waves strongly depend on
their polarization state. In the range of high frequencies
(with w > 0), the L modes are commonly known as ion
cyclotron waves, while the R modes are usually referred
to as ion whistler waves (Cramer 2001).

In the following sections we will consider some specific
limits of Eq. (30), obtain various approximate analytical
solutions and compare with the exact solutions and full
numerical results.

4. RESULTS
4.1. Alfvén waves

We start this section by exploring the range of frequen-
cies where wy < €);. In this limit, the dispersion relation
given by Eq. (30) simplifies to

w4 (1+x) Upew? — kgciw — iumkgci =0, (32

where the relation ¥ = ven/vne has been taken into ac-
count and the subscripts “4+” have been dropped since
there is no distinction between the two circular polariza-
tions. This is the same formula that has already been
derived by Soler et al. (2013b), which also agrees with
the respective expressions from the works of Kulsrud &
Pearce (1969), de Pontieu & Haerendel (1998), Kumar &
Roberts (2003), Zaqarashvili et al. (2011) or Mouschovias
et al. (2011), among others.

Since we are interested here in the study of the prop-
agation of waves generated by a periodic driver, it is
convenient to rewrite the dispersion relation as

w? w4 (1+ x) Vne

ks = >
C w + v
A nc

z

(33)

Then, we assume that the frequency w is real while
allowing the wavenumber to be complex, k, = kg + ik;
(for the sake of simplicity, we have dropped the subscript
“2” for the real and imaginary parts of the wavenumber).
A value of k; different from 0 means that the waves are
damped in space. If w > 0, positive (negative) values
of kg represent forward (backward) propagating waves,
that is waves propagating in the positive (negative) direc-
tion along the z axis. As shown by Soler et al. (2013b),
exact analytical solutions can be obtained for the real and
imaginary parts of k.. To do so, we insert the expres-
sion k, = kg + ikr into Eq. (33) and solve the resulting
system of two equations for k% and k7. Thus, we obtain

the following solutions:

2 71&2w2+(1+X)Vr210

k2 =
R 2% w2 +v2,
1/2
2.2 2
< (14 1+ X ,(34)
(w? + (1 +x) i)

and
w?w? + (14 x) e

k2 _ ]432 _
I R 2 2 2
CA w +l/nc

(35)

Although the expressions above provide the exact so-
lutions of the dispersion relation, it is also useful to find
simpler analytical approximations that can be applied
to certain limits. In the next section we compute and
check the validity of several expressions for the limits of
weak and strong collisional coupling, that is v, < w and
Vne > w, respectively.

4.1.1. Comparison of approzimate and exact solutions

Following the procedure by Soler et al. (2013b), to
find the approximate solutions in the limits of weak or
strong coupling we perform Taylor series expansions to
Egs. (34) and (35) assuming that v, — 0 or w — 0,
respectively, and retain the first non-zero terms only.

For the case of weak coupling (which will be denoted
by the subscript “W”), when v, < w, the real part of
the wavenumber is given by

kr,w ~ += (36)
CA
recovering the expression for a fully ionized plasma, and
the imaginary part is

XVnc Ven
kiw ~ =+ =+ 37
LW 2caA 2CA7 ( )

which shows that in this limit the damping rate does not
depend on the frequency of the wave.

On the other hand, for the case of strong coupling with
Une > w (denoted by the subscript “S”), the real part of
the wavenumber is

w

krs~E—y/TFx == , (38)
CA CA,mod

where ca moa is the modified Alfvén speed defined in
terms of the total density of the plasma, that is taking
also into account the contribution from the neutral fluid
(see, e.g., Soler et al. 2013b; Zaqarashvili et al. 2013),
and the imaginary part is

xw?
2y/1 4+ xcaVne ’

which shows that the damping rate becomes inversely
proportional to the collision frequency vy, but propor-
tional to the square of the wave frequency’

ks ~ + (39)

1 We note here that the published version of Soler et al. (2013Db)
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Figure 3. Real part (left panel) and imaginary part (right panel) of the wavenumber of Alfvén waves as functions of
height. Exact solutions of the dispersion relation are represented by the red lines, with each linestyle corresponding
to a different wave frequency from the set w = {0.027,0.27, 27, 207} rad s~!. The black dotted-dashed lines and the
blue circles represent the approximate results from Egs. (38)-(39) and (36)-(37), respectively.

After showing the expressions for the analytical ap-
proximations, we now turn our attention to the com-
parison with the exact solutions of Eq. (32) under the
physical conditions of the atmospheric model described
in Section 2.2. This comparison is illustrated in Fig. 3,
where the real part and the imaginary part of the results
are shown on the left and the right panels, respectively.
Due to the symmetry of the solutions from the disper-
sion relation, only those with kr > 0 are displayed. The
red lines correspond to the exact solutions given by Egs.
(34) and (35), with each different linestyle associated to
a particular value of the wave frequencies considered in
this study (see Section 2.2). The approximations for the
strong coupling limit, provided by Egs. (38) and (39),
are represented by the black dotted-dashed lines, while
the approximations for the weak coupling limit, Eqgs. (36)
and (37), are shown as circles. For the sake of clarity and
to avoid the presence of too many lines in the plots, the
latter approximations have only been included for the
case Wmax, since it is the only scenario where they are
in good agreement with the exact solutions in at least a
small region of the atmosphere.

The left panel of Fig. 3 shows that for any wave
frequency w, the wavenumber of the perturbations de-
creases as the height increases (and, consequently, the
wavelength becomes larger, as described in Appendix
A). This is caused by the growth of the Alfvén speed
as the plasma becomes less dense. At the bottom lay-
ers of the atmosphere the strong coupling approxima-
tions and the exact solutions are in very good agree-

contained some typos in their Eq. (42) regarding the value of kr g,
and we show in our Eq. (39) the corrected formula.

ment for all the considered frequencies and kg is directly
proportional to w. However, at the upper layers the
strong coupling limit remains accurate only for the waves
with larger periods (or lower frequencies, wmin and ws).
For the case of wy = 27 rad s~!, the actual wavenum-
ber starts to deviate from the approximate value at the
height z ~ 1.2 Mm, where w3 = v,.. For the largest wave
frequency, wmax, the clear separation from the strong
coupling limit begins at a height z ~ 0.4 Mm. According
to Fig. 2, wmax becomes much larger than vy, as height
increases and we can see in Fig. 3 that the exact solu-
tion of the dispersion relation tends to the weak coupling
approximation.

In the right panel of Fig. 3 we can check the quadratic
dependence on w of the approximations for the strong
coupling range given in Eq. (39), so the damping
due to charge-neutral collisions is much larger for high-
frequency waves than for low-frequency waves. In ad-
dition, we notice the surprising behavior that these ap-
proximate results do not vary with height. This is a con-
sequence of the particular set of parameters chosen to
define the background atmosphere (where the magnetic
field and the temperature are uniform). Then, we see
again that at the middle and upper layers of the atmo-
sphere the strong coupling approximations become inac-
curate for the higher frequency waves. For this range of
frequencies the damping rates decrease with height, vary-
ing by several orders of magnitude. Taking into account
Eq. (37), this steep decrease comes from the combina-
tion of the large reduction of the charge-neutral collision
frequency, ey, represented in Fig. 2, and the increase of
the Alfvén speed.

In Fig. 3 we have presented the properties of Alfvén



ALFVENIC WAVES IN WEAKLY IONIZED PLASMAS 9

waves in terms of the real and imaginary parts of the
wavenumber because these parameters are obtained di-
rectly from the dispersion relation. However, in some
situations it may be more informative to describe the
waves in terms of their wavelength and damping lengths,
as it could happen, for instance, when comparisons with
observations are performed. Since both approaches yield
equivalent conclusions, it is not worth to include those
additional results in the current section, but we provide
them in Appendix A.

4.1.2. Quality factor and phase speed

Once we have the results from the dispersion relation,
we can compute two other parameters that provide use-
ful information about the properties of the waves: the
quality factor and the phase speed. The former gives
a measure of the relative strength of the damping of the
waves in comparison with their wavenumbers or their fre-
quencies, while the latter represents the speed at which
the waves propagate.

For the case of perturbations generated by a periodic
driver, a common definition of the quality factor is

Q) = Llkn| (40)

2 |kl

For values Q) > 1/2, the waves are said to be under-
damped and they show an oscillatory behavior with an
amplitude that decreases as the perturbation propagates;
in the limit Q) — oo there is no damping (k1 = 0). For
Q) < 1/2 the waves are overdamped, meaning that
there is a very strong damping and the propagation of
the perturbations is limited to very short distances; in
the limit Q) = 0, corresponding to kg = 0, the pertur-
bations are evanescent and there is no propagation.

We present in Fig. 4 the dependence on height of the
quality factor for the solutions of the dispersion relation
already analyzed in Fig. 3. We see that the lower fre-
quency waves (wmin and ws) are clearly underdamped
in the whole atmosphere, with Q) > 1/2, and the
quality factor decreases with height. Comparing with
Fig. 3, we see that this fact is not caused by an in-
crease of the damping rate (k1) but by the decrease of
the wavenumber of the perturbations. In the case of ws,
we see that the resulting wave is always more efficiently
damped than the low-frequency ones in the whole atmo-
sphere, getting close to the critial value that separates
the underdamped and overdamped regimes (Qx) = 1/2)
at the upper layers. The more distinct behavior is again
found for the largest frequency wave: its quality factor
does not monotonically decrease with height in this at-
mosphere but reaches a minimum at the middle layers
and then rises again at the top layers. Thus, we find
that, in terms of the quality factor, Alfvén waves are
more efficiently damped by charge-neutral collisions in
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Figure 4. Quality factor of Alfvén waves as a function
of height. The red lines represent the results for the dif-
ferent values of wave frequency, following the style from
Fig. 3. The horizontal black line represents the critical
value Q(k) = 1/2

the regime w ~ 1y, in good agreement with Leake et al.
(2005), Zagarashvili et al. (2011) and Soler et al. (2013b).
We note also that in none of the four cases studied here
the quality factor reaches the region of overdamped waves
(Qxy < 1/2), a similar result to that found by Soler et al.
(2015a) using a different atmospheric model for the solar
chromosphere.

Then, according to the usual definitions of phase ve-
locity and phase speed (see, e.g., Cramer 2001; Goossens
2003; Goedbloed & Poedts 2004), and following Soler
et al. (2013b), the phase speed can be computed from
Eq. (33) as

w W + Wne
Voh=—= _ 41
ph kz CA\/w+i(1+X)l/nc ( )
Equivalently, it can be written as

w _ wkr s wkr
ke + ikt kR 4k kR 4k

Voh = (42)
where kg and k; are given by Egs. (34) and (35). The
real part of the phase speed is related to the actual prop-
agation speed of the perturbations, while the imaginary
part is related to the damping caused by the collisional
interaction. It can be checked that in the weak and the
strong coupling regimes, the phase speed is given by

Vph X CA and Vph ~ (43)

\/1672‘7)( = CA,mod;
respectively.

Figure 5 shows how the phase speeds of the consid-
ered Alfvén waves depend on height. For reference, we
have also included in the plot the values of the classi-
cal Alfvén speed, ca, and its modified version that takes
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Figure 5. Real part of the phase speed of Alfvén waves
as function of height. Diamonds and circles represent
the classical and modified version of the Alfvén speed,
ca and €A mod, respectively.

into account the density of neutrals, ca moq: both speeds
increase with height due to the drop in density of the
charged fluid and of the whole plasma. Due to the
strong collisional coupling between the two fluids, the
low-frequency perturbations propagate at the modified
Alfvén speed in the whole atmosphere. On the other
hand, the propagation speed of the high-frequency waves
strongly varies with height and finally tends to the Alfvén
speed of the fully ionized scenario at the top layers.

4.1.3. Figenfunctions relations

Up to this point of the investigation we have only fo-
cused on the properties of the normal modes that can
be directly extracted from the solutions of Eq. (32).
Nonetheless, it is also informative to study the relations
between the eigenfunctions associated to those normal
modes, also refereed to as polarization relations (see, e.g.,
Goedbloed & Poedts 2004; Walker 2004; Khomenko &
Cally 2012; Popescu Braileanu et al. 2019a). For the case
of linearly polarized Alfvén waves, the relevant eigen-
function relations can be obtained from Egs. (27)-(29)
by neglecting the contribution of the Hall term in the
induction equation.

In the first place, we pay attention to the relation be-
tween the velocity perturbations. Therefore, from Eq.
(27) we find that
Ve - —iW + Une

Ry

VIl l/nc (44)
An equivalent but more convoluted expression can be de-
rived from the combination of the two remaining equa-
tions. This expression is also equivalent to Eq. (38) of
Popescu Braileanu et al. (2019a) after applying the ap-
propriate change of notation and performing the trans-

formation w — —w, since those authors assumed a de-
pendence on exp (iwt) instead of on exp (—iwt) in their
normal mode analysis.

In the strong coupling limit (v > w) we find the ex-
pected result that Ry = 1 and the amplitude of the veloc-
ities of the two components of the plasma is the same. On
the opposite limit (Vo < w), the ratio Ry grows with-
out bound, which means that the neutral fluid is hardly
affected by the perturbation. This result is consistent
with the multi-fluid numerical simulations performed by
Martinez-Gomez et al. (2017), who show in their Fig-
ure 14 how the relative amplitudes of the velocities of
neutrals decrease as the frequency of the Alfvén wave in-
creases. In the intermediate range of coupling, Ry is a
complex quantity with both its real and imaginary parts
different from zero. Therefore, a phase shift between the
charges and the neutrals velocities appears. To study this
behavior it is convenient to rewrite the velocity ratio as

RV = |va exp (Zq)v) s (45)

where ®vy represents the phase difference.

The modulus of the ratio of velocities and the phase
shift as functions of height are shown in Fig. 6 for the
chosen reference frequencies. We see in the left panel
that |Ry| ~ 1 for the low-frequency waves in the whole
atmosphere, but only at the bottom region for the high-
frequency waves, whose ratios increase with height. On
the right panel of Fig. 6, the phase shift is &y ~ 0
for all the frequencies (except for the largest one) at the
bottom region. Then, the absolute value of the phase
shift increases with height. The largest deviation from
®y = 0 is found for wpax, with a phase shift that tends
to the value &y ~ —7/2 at the top of the atmosphere.
The existence of these phase shifts in propagating Alfvén
waves when the collisional coupling is not strong enough
has already been reported in the numerical studies of
Martinez-Gémez et al. (2017, 2018), Popescu Braileanu
et al. (2019a) and Martinez-Sykora et al. (2020). Similar
results have been found for the different components of
multi-ion plasmas in the appropriate regime of wave fre-
quencies (Martinez-Gémez et al. 2016; Martinez-Sykora
et al. 2020).

We remark here that the variation of the relative am-
plitudes of the velocities of charges and neutrals and the
presence of phase shifts are not exclusive features of prop-
agating waves. They have also been found in numeri-
cal simulations of standing Alfvén waves (see, e.g., Soler
et al. 2013b)

Now, from Eq. (29) we can obtain the following rela-
tion between the perturbations of magnetic field and the
velocity of charges:

k:Bo (kg + ilk1]) Bo

w
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Figure 6. Ratio of charges to neutrals velocities for Alfvén waves in a weakly ionized atmosphere. The modulus of the
ratio, |Ry|, is displayed in the left panel, while the phase shift, ®vy, is shown on the right panel.

where the two possible solutions (positive and negative)
from the dispersion relation have been taken into ac-
count. Here, the sign “-” corresponds to waves propagat-
ing parallel to the background magnetic field, while the
sign “+” corresponds to those propagating in the anti-
parallel direction. In the case with no charge-neutral
collisions, so kr = 0, we recover the classical relation

B
B, = 72V, (47)
cA

which shows that, for propagating Alfvén waves, the per-
turbations of magnetic field and velocity of the ionized
fluid are always completely in phase or in anti-phase
(Walén 1944; Priest 1984). In the strong coupling limit,
we find the same relation but substituting the classical
Alfvén speed, ca, by its modified version, ca mod-

Since the ratio By /V, would compare quantities with
different physical units, it is more convenient for the
present study to define a non-dimensional ratio as fol-
lows:

& CA ,mod
By V.

k |k
e = bl ik,

= Rpve =

A,mod>
(48)
which produces the result Rp v. ~ F1 in the strong cou-
pling regime, and Rp vc ~ F1/4/1+ x in the weak cou-
pling limit. We note that the application of the normal-
ization factor does not affect the phase shift between the
two variables of interest, which will be given by ®g v,
after expressing Rg v. in a similar way to Eq. (45).

We present in Fig. 7 the dependence on height of the
ratio R v, for the case of Alfvén waves propagating par-
allel to the background magnetic field. We see in the
left panel the expected behavior (described in the pre-
vious paragraph) for the modulus of the ratio: on the
one hand, |Rp vc| = 1 for the wave with the lowest fre-

quency, and in the regions where v, > w (see, Fig. 2);
on the other hand, |Rp v.| &~ 0.15 for the shortest pe-
riod wave (wmax) at the top of the atmosphere where the
collisional coupling is weak, in good agreement with the
value of 1/4/1 + x at that height.

More surprising is the behavior of the phase shift ®p v,
depicted in the right panel of Fig. 7. Here, it is clear that
the phase shift departs from the value ®g v, = 7 as the
frequency of the waves moves away from the limits of
strong and weak coupling. This means that in scenarios
with an intermediate degree of collisional coupling, the
perturbations of magnetic field and velocity of charges
are no longer completely in phase opposition. Under
the physical conditions studied in this work, the max-
imum phase shift reached by the high-frequency waves
is ®pyve ~ 5m/4. To the best of our knowledge, this
variation of the phase shift between the magnetic field
and the velocity has not been previously investigated. In
Section 5 we discuss its possible implications for the ob-
servation and identification of Alfvén waves in partially
ionized plasmas.

Although not shown here, we have checked that equiv-
alent results regarding Rp v, are obtained for Alfvén
waves propagating in the opposite direction of the back-
ground magnetic field. In that case, the phase shift be-
tween By and V. varies from ®p vy, =0 to ®py. ~ 7/4.

Finally, for the sake of completeness, we also analyze
the relation between the perturbations of the magnetic
field and the velocity of the neutral fluid. A similar ratio
to that given by Eq. (48) can be obtained through the
combination of Egs. (27) and (29). Thus, the following
expression can be obtained:

Rpvn =

w

|kr| + | ki1 (—iw + Une
UI]C

> CA mod; (49)
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which fulfills that Rp vy = Rp,vcRy. With this defini-
tion, in the strong coupling limit we have that Rp vy =
F1, the same result as for R v.. In contrast, in the
weak coupling regime, we get that Rg v, — 00, a behav-
ior that is inherited from the ratio Ry .

The variation with height of the parameter Rp vy in
the model atmosphere is represented in Fig. 8. In the
left panel, we see that the modulus of this ratio follows
a similar trend to the one depicted for |Ry| in Fig. 6,
although it reaches a lower maximum amplitude due to
the contribution from Rgpv.. We can check that the

relation |Rp vn| = |Rp vc||Rv| is fulfilled.

The right panel of Fig. 8 shows that B; and V}, are in
anti-phase (®p vy = 7) in the strong coupling regime, as
expected. Then, in contrast with ®p v, (which reaches a
maximum value at the middle layers of the atmosphere),
the phase shift ®p vy always decreases with height and
with the frequency of the waves. Therefore, at the upper
region of the atmosphere, the departure from the value
corresponding to the strongly coupled case is larger for
Rpyn than for Rpy.. The reason is that the neutral
fluid only feels indirectly the effect of the magnetic field,
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by means of the interaction with the charges, and thus,
as the collisional coupling is reduced, the neutral compo-
nent is less affected by the perturbations of the magnetic
field. Then, the comparison of the right panels from Figs.
6-8 confirms that ®p vy = P, vec + Pv.

Again, equivalent results are found for backward prop-
agating Alfvén waves but are not presented in this work.

4.2. ITon-cyclotron and whistler waves

In this section, we analyze how the inclusion of Hall’s
effect in the two-fluid equations modifies the properties of
Alfvénic waves and we pay attention to the dissimilarities
on the behaviors of the whistler and ion-cyclotron modes.
Again, we focus in the case of perturbations generated
by a periodic driver (with real frequency but complex
wavenumber). Thus, it is convenient to rewrite Eq. (30)
in the following form:

w? w41 (14 X) Vne
2
CAM(NFQ%)HVHC (1;(1+X)Q%)

where, for simplicity, we have dropped the subscript from
w.

Before solving this dispersion relation for a general sce-
nario, we can obtain useful information about the char-
acteristic properties of the two circular polarizations of
waves by considering the particular cases of uncoupled
and strongly coupled fluids. For the former, if we impose
vne = 0 in Eq. (50), we get that

k?:l: = ’ (50)

w2

A (1 ¥ Q%)
which corresponds to the dispersion relation for fully ion-
ized plasmas in the single-fluid approximation (Lighthill
1960; Cramer 2001; Huba 2003). This expression reveals
a fundamental difference between the left-handed and
right-handed modes: as the frequency of the driver ap-
proaches the cyclotron frequency of the ions (€;), the
wavenumber of the ion-cyclotron modes (L) grows with-
out bound (k?, — oo), while the wavenumber of the
whistler modes (R) remains finite. At the singularity
w = €, commonly known as ion cyclotron resonance,
the phase speed of the L mode is zero, which means that
the perturbation does not propagate. For wave frequen-
cies larger than the cyclotron frequency, the wavenumber
of the left-handed polarization becomes a purely imagi-
nary quantity: there is a cutoff region where these waves
are evanescent. The right-hand polarized waves are not
affected by either the resonance or the cutoff region. We
note that here we have assumed again that w > 0; if
we consider negative values of the frequencies, the pre-
viously described behaviors of the L and R modes are
swapped (that is, k2_ — oo when w = —(;).

To obtain the corresponding expression for the perfect

k?i = ) (51)

coupling regime, we impose that v, — oo in Eq. (50),
which leads to

2
2 w

G (e
i (17 45)
where Qp is the Hall frequency already defined in Eq.
(17). The comparison between Egs. (51) and (52) shows
that the modified Alfvén speed plays in weakly ionized
plasmas the same role as the classical Alfvén speed in
fully ionized plasmas and that the existence of resonances
and cutoff regions is related to the Hall frequency instead
of directly to the cyclotron frequency (Pandey & Wardle
2008; Pandey & Dwivedi 2015). Since in a weakly ionized
plasma Qg < §2;, the properties of the ion-cyclotron and
the whistler waves are expected to start to differ at a
lower range of frequencies than in the case of fully ionized
plasmas.
In the remaining of this section we consider the general
case of the solutions to the dispersion relation applying
the physical conditions described in Section 2.2.

(52)

4.2.1. Wavenumbers and damping rates

We show in Fig. 9 the real part (left panel) and the
imaginary part (right panel) of the solutions from Eq.
(50) as functions of height for our model atmosphere.
Only the positive solutions have been included. In the
first place, we see that the results for the ion-cyclotron
modes (red lines) and the whistler modes (blue symbols)
both are in perfect agreement with the results for Alfvén
waves (black thin lines) at the top layers of the atmo-
sphere for all the periods considered and for the lower
range of wave frequencies in the whole atmosphere. This
is the expected behavior when w <« Qy. Thus, for the
remaining of the paper we will focus only on the bot-
tom layers of the atmosphere, where clear differences are
found between the three kinds of waves (the two circu-
larly polarized modes and the linearly polarized Alfvén
waves).

One of the most interesting features depicted on the
left panel of Fig. 9 is the total absence of resonances or
cutoff regions, that is, regions where kg — oo or kg = 0,
respectively. From the analysis of the dispersion rela-
tion for the strong coupling regime, Eq. (52), we could
expect the existence of a resonant point at wpax = Qu
(marked in the figure as a dotted vertical line) and a
cutoff region with kg = 0 in the lower layers of the at-
mosphere, where wy.x > Qp. However, we see that the
wavenumber remains finite and distinct from zero in the
whole atmosphere and for both circular polarizations.
This is a consequence of taking into account the colli-
sions between the charged and neutral components of the
plasma: as it can be checked from Eq. (50), the inclu-
sion of the terms proportional to vy, removes the singu-
lar point in the denominator and prevents k,4+ from be-
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Figure 9. Real part (left panel) and imaginary part (right panel) of the wavenumber of ion-cyclotron (red lines) and
whistler (blue symbols) waves. For reference, the solutions for Alfvén waves are included as thin black lines. The

vertical dotted line shows the height where wp.x = Qy.

ing purely imaginary, in good agreement with the results
from Cramer & Vladimirov (1997) and Martinez-Gdémez
et al. (2017). The same effect has been found analyti-
cally and experimentally in fully ionized plasmas for the
collisional interaction between charged species (see, e.g.,
Cramer 2001; Rahbarnia et al. 2010). In addition, we see
that when w < Qp, the wavenumber of the ion-cyclotron
mode is larger than that of the Alfvén wave, while the
wavenumber of the whistler mode is smaller. However,
when w > Qy, both circular polarizations have smaller
wavenumbers than the Alfvén mode, since the wavenum-
ber of the ion-cyclotron mode strongly decreases at the
deeper layers of the atmosphere.

On the right panel of Fig. 9 we display the compari-
son of the damping rates of the three types of waves as
functions of height and we see how differently they are af-
fected by the charge-neutral collisional damping. For all
the wave frequencies considered in this investigation, we
find that the damping rates of the ion-cyclotron modes
are larger than those of the Alfvén waves, which are in
turn larger than the damping rates of the whistler modes.
In addition, the damping rate of whistler modes reaches
a maximum as w approaches Qg and then decreases both
at the bottom and top layers of the atmosphere, while the
value of k1 keeps increasing for the ion-cyclotron mode
as we move to the lower heights. Hence, we see that the
attenuation of the perturbations due to charge-neutral
collisions strongly depends on the polarization state of
the waves, with disparities of up to 2 orders of magni-
tude at the bottom of the atmosphere.

4.2.2. Quality factor and phase speed

Here, we use again Eq. (40) to compute the quality fac-
tor of the solutions analyzed in the previous section. The

results are displayed in Fig. 10. In general we see similar
results to those presented in Fig. 4: the waves are under-
damped and Q) tends to decrease with height (except
for the case of wyax). In addition, at the bottom layers
the quality factor of the whistler waves is larger than that
of Alfvén waves and the quality factor of the cyclotron
waves is smaller. However, for the highest-frequency ion-
cyclotron wave we find that Q) < 1/2 at lower heights
and the transition from the overdamped to the under-
damped regime takes place exactly at the height where
Wmax = . The small value of Q(k) at the bottom of
the atmosphere is related to the strong decrease of the
wavenumber and the increase of the damping rate shown
in Fig. 9. Therefore, there is not a strict resonance or
cutoff area for the L modes at the lower region of the
atmosphere but those waves are still strongly damped in
very short distances and the perturbations are not al-
lowed to propagate far away from their source.

Then, we use the relation given by Eq. (42) to compute
the phase speed of the waves. The results are displayed
on Fig. 11, where the classical and modified Alfvén
speeds have also been included for reference. Focusing
only on the lower regions of the atmosphere, we see that
the phase speed of the right-handed modes is larger than
the modified Alfvén speed, while the ion-cyclotron waves
propagate at a smaller speed, which strongly decreases
when w > Qy. These results are consistent with the be-
havior of the circularly polarized modes in fully ionized
plasmas when their propagation speeds are compared to
the classical Alfvén speed (Cramer 2001).

4.2.3. Figenfunction relations

Now, we come back to Eqgs. (27)-(29) to compute
the relations between the velocities and the magnetic
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Figure 10. Quality factor of ion-cyclotron (red lines) and
whistler (blue symbols) waves as functions of height. The
horizontal black line represents the critical value Q) =
1/2. The results from Fig. 4 for Alfvén waves have been
included as thin black lines.

F ‘ VX 2

L <><><><><><> ]

27 0000000000 xX

10 E 00000 X g

So0009%? - LalE

4 & 1

o 1017 M*"xf |

'» ? N é

£ 4+ ]

0L+ +

Jéq 10 E - (Dmax 3

> Eéﬁ’" """ 82 ]

Ee - 3 ]

[ - mmin il

10’1; RN E

E [e)e] CA,mod 1

1020 ]
0.0 0.5 1.0 1.5 2.0

z (Mm)

Figure 11. Real part of the phase speeds of ion-cyclotron
(red lines) and whistler (blue symbols) waves as functions
of height. Diamonds and circles represent the classical
and modified versions of the Alfvén speed, ca and ca mod;
respectively.

field perturbations in the case of the whistler and ion-
cyclotron modes and to check how they compare to the
analogous relations for Alfvén waves.

The first thing we can notice in this study is that from
Eq. (27) we get the same velocity ratio than for the
case of Alfvén waves, which is given by Eq. (44) and
has already been represented in Fig. 6. This ratio does
not depend on the state of polarization of the waves or
on their wavenumber, and it is only a function of the
frequency of the driver and of the collisional frequency.

However, we remark that this result is only applicable
to the case of propagating waves generated by a periodic
driver. In the case of standing or propagating waves gen-
erated by an impulsive perturbation (in which k, would
be a real quantity while w would be allowed to have both
a real and a imaginary part), the frequency is a function
of the chosen wavenumber and of the polarization state,
s0 wy # w— (Lighthill 1960; Stix 1992; Cramer 2001)
and the ratios of velocities for the L and R modes are
no longer expected to agree with that for Alfvén waves.
It would be interesting to explore such scenario in future
works.

On the other hand, we expect that differences appear
in the ratios of velocities and magnetic field perturba-
tions, since now we take into account the last term of
Eq. (29) that was neglected in Section 4.1.3. Therefore,
the corresponding non-dimensional ratio for whistler and
ion-cyclotron waves is given by

+ _ _kz:I:CA,mod
Rb e = —iphmet, (53)

where k.1 are the solutions from Eq. (50). From this
expression we can already discuss the most important
feature that distinguishes the L and R modes: as ex-
plained in the beginning of Section 4.2, at the singular
points (w = Q; for a fully ionized plasma and w = Qp
for a weakly ionized plasma with strong collisional cou-
pling), the wavenumber of the left-handed modes fulfills
that k.4 — oo, while k,_ remains finite. Therefore, from
Eq. (53) we would obtain that RE’VC — 0 but Rg v, # 0.
More precisely, if we insert Eq. (52) into Eq. (53) we
get the expression for the ratio in the perfect coupling
case, namely
w

1F —, (54)

+
R =—
B,V
c QH

where, for simplicity, we have only considered the solu-
tion with k&, > 0, which corresponds to forward propa-
gating waves (the expression for backward propagating
waves has the same absolute value but it is positive).
As expected, in the limit w <« Qy we recover the ap-
propriate result for Alfvén waves, that is Rgve. =~ F1.
Then, at the resonance frequency we get that RE’VC =0
and R}E,VC = —+/2. The result for the ion-cyclotron
mode means that the normalized amplitude of the ve-
locity (Vet/ca mod) is much larger than that of the mag-
netic field (Bq,+/Bo), which is related to the fact that at
a resonance the energy of the driver is not transported
away but used in increasing the amplitude of the velocity
perturbations (see, e.g., Cramer 2001).

For a general value of the wave frequency w > 0, Eq.
(54) shows that Rpy,. < —1. This means that for the
whistler modes the velocity and magnetic field pertur-
bations of forward propagating waves are in anti-phase
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(P5.ve = m) and that the normalized amplitude of the
velocity (Ve—/ca mod) is smaller than the normalized am-
plitude of the magnetic field (B;_/By). For backward
propagating waves, the perturbations will be in phase
(@5 ve = 0) but the relation between their amplitudes
would be the same.

In the analysis of the ion-cyclotron modes we have to
separate the regime with w < Qg from that with w > Qy.
In the former, we obtain that —1 < RE)VC < 0, mean-
ing that the perturbations are also in anti-phase but now
the velocity has a larger normalized amplitude than the
magnetic field. Then, if w > Qy, the ratio R};VC be-
comes a pure imaginary quantity and the perturbations
are no longer in anti-phase but have a phase shift given
by ®f . = —7/2. In addition, in the range w > 2Qy,
the relation between the amplitudes of the perturbations
changes again and now the magnetic field has a larger
normalized amplitude than the velocity.

The behavior of the ratios ngvc detailed above has
strong implications regarding the equipartition between
the kinetic and the magnetic energies of the wave, as it
will be shown in Section 4.3.

After analysing some of the limiting values of the ra-
tios R§ ve We now pay attention to their application to
our model atmosphere. The results are presented in Fig.
12, where their modulus and phases are plotted in the
left and the right panels, respectively. We see again that
the properties of the L and R only clearly diverge for the
bottom half of the atmosphere and for high-frequencies
while at the top half we recover the results for Alfvén
waves. We find that for a given frequency the modulus
and the phase of the ratio for the right-handed modes
(blue symbols) are always larger than the corresponding
values of the left-handed modes (red lines) and Alfvén
waves (black thin lines), so the former have larger nor-
malized amplitudes of the magnetic field perturbations.
In addition, in the comparison between the ion-cyclotron
and the Alfvén modes we find a change of tendency at
the height where wpax = 20y (marked in this plot by
the vertical dotted line): at the bottom layers where
Wmax > 29y, the value of |R§,VC\ is larger than the
one corresponding to Alfvén waves, but becomes smaller
when w < 2Qy. Another remarkable feature of Fig. 12
is the absence of any region where R§ ve = 0: this is a
consequence of the collisional friction rémoving the strict
cyclotron resonances.

To conclude the study of the eigenfunction relations,
we pay attention to the ratio between the magnetic field
and the velocity of the neutral fluid, R vy, which can
be obtained by multiplying Eqs. (44) and (53). The
modulus and phase of this ratio as functions of height
are represented in Fig. 13. There are two main differ-
ences with respect to the results for Alfvén waves dis-
played in Fig. 8: 1) in the left panel we find that the

modulus of both R];Vn and Rg, are larger than 1 for
the high-frequency waves and lower heights; and 2) the
phase shift of the ion-cyclotron mode with wy.x tends to
@g)vn ~ /2 at the bottom of the atmosphere instead of
approaching the value ®p vy ~ 7 (as it happens for the
rest of the considered modes and frequencies).

4.3. Wave energy

An evolution equation for the energy density of the
small-amplitude waves can be obtained by applying the
procedure described in, for instance Braginskii (1965),
Bray & Loughhead (1974), Walker (2004, 2014), Soler
et al. (2016, 2017). Thus, we take the dot product of
Vi, Vo, and By/pg with Egs. (20), (21), and (24), re-
spectively, and neglect the terms related to the pressure
gradients (since in the present investigation we are fo-
cusing on incompressible perturbations). Adding the re-
sulting expressions we get that the temporal evolution of
the wave energy is described by

ou
S tV-II=-0Q, (55)

where U is the total energy density of the wave, IT is the
energy density flux, and the right-hand of the equation
is related to the loss of wave energy due to the charge-
neutral collisions.

The total energy density is computed as

1 1 1
U=Ke+Kn+M==po|Ve|* + = puo|Val? + —|B1 %,
2 2 2410

(56)
where K., K,, and M are the contributions from the
kinetic energy of charges, the kinetic energy of neutrals
and the magnetic energy, respectively.

The wave energy flux is in this case identical to the
magnetic Poynting flux, and it can be written as

1
II=1Iigca) + Igan = o [(Bo-By) V. — (V.- By) By

L (Bi-J1)Bo— (B: By Ji], (57)

€Neo 0

with J; = (V x By) /o the perturbation of the current
density.

Nevertheless, it can be checked that here the term
Iy, vanishes, since we have that B, - J; = By -
(ik x B1) /po = 0 and linear Alfvénic waves fulfill the
relation By - By = 0. We note that this would no longer
be true when considering non-linear Alfvénic waves due
to the fact that they may generate perturbations along
the direction longitudinal to By (see, e.g., Hollweg 1971;
Rankin et al. 1994). However, in the present scenario
only the ideal term contributes to the Poynting flux,
which is then given by

II = Hideal =

L wv..B)B, (58)
0
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Figure 12. Modulus (left panel) and phases (right panel) of the ratios Rg,vc (red lines) and Ry y,. (blue symbols) as
functions of height. The modulus of the ratio, |Rg vc|. The vertical dotted line in the left panel shows the position
where wmax = 2Qp. The horizontal black dashed line in the right panel represents the phase angle ®p v, = . Results

for Alfvén waves have been included as thin black lines.
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Figure 13. Modulus (left panel) and phases (right panel) of the ratios REVH (red lines) and Ry v, (blue symbols) as
functions of height. The horizontal black dashed line in the right panel represents the phase angle ®p vy, = 7. Results

for Alfvén waves have been included as thin black lines.

showing that the energy of the Alfvénic waves is prop-
agated along the direction of the background magnetic
field. Then, using the relation between the perturba-
tions of magnetic field and velocity of charges given by
Eq. (46) it can be checked that II/By > 0 for forward
propagating waves and II/By < 0 for backward propa-
gating waves.
Finally, the quantity @ is given by

Q= e (Vo —Vi)?, (59)

and, if we consider the full non-linear evolution described
by Egs. (3)-(7) and assume that the friction coefficient
Qen does not vary with time, it can be identified with the

total heating term resulting from the addition of Egs. (9)
and (10), that is Q = Qne + Qen (Soler et al. 2016, 2017,
2019). Therefore, if the total energy conservation is taken
into account, the energy lost by the waves is converted
into internal energy of the plasma, leading to an increase
in temperature (Braginskii 1965; Draine 1986). We re-
mark, however, that the heating of the plasma cannot be
properly studied by the linear analysis performed in this
work.

It is a classical result that there is equipartition be-
tween the kinetic energy and the magnetic energy for
Alfvén waves in fully ionized plasmas (Walén 1944; Fer-
raro & Plumpton 1958; Braginskii 1965; Priest 1984).
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Therefore, it is interesting to check if that relation still
holds when the effects of charge-neutral collisions and
Hall’s term are included. To perform this study it is use-
ful to express the kinetic energy density of the neutral
fluid and the magnetic energy density in terms of the ki-
netic energy density of the charged fluid. Thus, we resort
to the eigenfunction relations that can be derived from
Egs. (27) and (29), which have already been analyzed
in Sections 4.1.3 and 4.2.3. In addition, we take into ac-
count that the perturbations are complex quantities, so
V|2 = V.V, [VAl? = VL V,F, and | B1|? = B Bj, where
* denotes the complex conjugate of the variable.

First, we study the case of Alfvén waves, neglecting
the presence of the Hall term in the induction equation.
Thus, using the ratio of velocities given by Eq. (44) we
have that

2 Vi 2
[Val Zm“ﬁ ; (60)
and the total kinetic energy density, 1 = K. + K, is
given by

2 2 2
Ko — K. [1+ QXVHCQ } K. [w +§1+)2()Vnc ’
w + VI’IC w + VI]C
(61)
where the relation p,o = xpco has been applied.
The expression for the magnetic energy density is ob-
tained after inserting Eq. (33) into Eq. (46) and com-
puting the product B1 B/ (2u0), leading to

2 2 2
MA:/CC\/“’ U+ v (62)

ST

It can be checked that in the limit of no collisional
coupling (vn. = 0), the classical equipartition relation,
Ma = Kt = K., is recovered; here, only the charged
fluid contributes to the total kinetic energy because the
neutral component is not affected by the magnetic field
and its velocity is zero. In the opposite limit, when v, —
oo, we find that M = K1 = K. (1 4 x), meaning that
there is again equipartition between the magnetic and the
total kinetic energy, but now the latter takes into account
the contribution from the neutral fluid too. However,
from the inspection of Eqs. (61) and (62) we do not
expect that the relation holds in the intermediate regime
of collisional coupling. Before analysing in detail this
regime, we move to the more general case in which the
effect of Hall’s term is included.

To compute the expressions for the magnetic energy
and the total kinetic energy when Hall’s term is taken
into account, it is convenient to rewrite the dispersion
relation given by Eq. (50) as

w72w+i(l+x)1/nc

k2, = -
=+ CzA WY+ + WneN+

(63)

where

w w
Ye=1F > and ne=1F o~ (64)

O Qu
are real parameters associated with the cyclotron fre-
quency and the Hall frequency, respectively.

For propagating waves generated by a periodic driver,
the inclusion of Hall’s term does not change the expres-
sions that relate the velocity of neutrals with the velocity
of charges, and the kinetic energy of the charges with the
total kinetic energy. Thus, Egs. (60) and (61) still hold
(we expect that this would not be applicable for standing
or propagating waves generated by an impulsive driver,
and it should be studied in the future). In contrast, the
expression for the magnetic energy density becomes more
convoluted:

w2+ (14+x)*v2, 1
Mi =K ne — 65
- C\/ Wi+t Ta (%5)

with

2w <w2’Yi + (1 + x) Vﬁd&)

I'i=1+—
* Q Wyl + vgent

W (W (1+x) 2 (66)
0\ Wi+l
It is worth analysing the limits of Eq. (65). In the

low-frequency limit, where w < Qg < €;, we have that
v+ =n+ =1 =1 and we recover the expression of the
magnetic energy for Alfvén waves, Eq. (62). Then, in the
limit of no collisions between the two fluids (v, = 0), we
find that

M:I: = ’Cc'}/j: = ICC <1 + 5}) 5 (67)
1

which shows that M, < K. and M_ > K., meaning
that the magnetic energy is smaller than the kinetic en-
ergy for the ion-cyclotron waves but it is larger for the
whistler modes, as already discussed by Campos (1992).
Therefore, the equipartition relation is not fulfilled as
the frequency of the waves approaches the cyclotron fre-
quency (see, e.g., Galtier 2006; Mahajan & Krishan 2005;
Lingam & Bhattacharjee 2016a; Pouquet et al. 2020).
Nevertheless, we also find that the relation

My + M
2

holds for any wave frequency, which might be interpreted
as a modified version of the equipartition relation.

A surprising consequence of Eq. (67) is that the mag-
netic energy density of the ion-cyclotron modes, M,
becomes negative when w > €); and then the total en-
ergy density, M, + K., becomes negative when w > 2€2;.
The study of the implications of a negative total energy
of the wave is out of the scope of the present paper. Nev-
ertheless, we remind that in this range of frequencies the
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Figure 14. Ratio of magnetic to kinetic energy density
as function of height for Alfvén waves (black thin lines),
ion-cyclotron modes (red lines) and whistler modes (blue
symbols). The dotted vertical line represents the height
where wpax = 2.

ion-cyclotron waves are affected by a cutoff region, so
they are evanescent. Thus, this analysis of the wave en-
ergy based on normal modes has to be taken with some
caution, and a proper investigation would require the
consideration of the full temporal evolution of the per-
turbations.

Applying the strong coupling condition (vye > w) to
Eq. (65) we obtain

My =K (14 x)n+ =Kr (13F£;JH> ;o (69)
which would present the same behavior as Eq. (67) but
substituting IC. by Kt and ; by 2y, and an analogous
relation to Eq. (68) can be obtained.

Now we focus on the full expression of the magnetic
energy density, Eq. (65), and check how an imperfect
collisional coupling between the two components of the
plasma modifies the results described in the previous
paragraphs. We present in Fig. 14 the ratios of magnetic
energy to total kinetic energy (X = M/Kr) as functions
of height for the Alfvén (black thin lines), ion-cyclotron
(red lines) and whistler (blue symbols) modes, which will
be denoted as ¥, X4, and X_, respectively. The re-
sults for the three kinds of modes collapse to the value
Y. = 1 in the regime of low frequency waves, recovering
the classical equipartition between the magnetic and the
total kinetic energy densities (Walén 1944; Priest 1984).
However, as the frequency of the driving perturbation is
increased, the equipartition relation is not fulfilled any-
more: at the top layers of the atmosphere we see that
> > 1 for all the modes, meaning that the magnetic
energy density is larger than the kinetic energy density,

specially for the wave with wpax, which reaches a value
of ¥ ~ 8 around z ~ 1.35 Mm.

As we move towards the bottom of the atmosphere,
we see in Fig. 14 that if w < Qp the energy ratios are
ordered as ¥_ > ¥o > Y. This ordering is broken in
the region where wpax > 2Qp (in the area located to the
left of the vertical dotted line): in this case we find that
the ratio of both circular polarizations is larger than that
for Alfvén waves. Finally, we remark that ¥, is always
positive in the whole atmosphere and for all the wave fre-
quencies studied here. This means that, due to the effect
of the charge-neutral collisions, the magnetic energy of
the ion-cyclotron modes can be smaller than their total
kinetic energy but it is never negative in these conditions
and, consequently, the total wave energy remains always
positive.

In summary, we find that the classical equipartition re-
lation for Alfvén waves in fully ionized plasmas holds for
weakly ionized plasmas in the limits of strong and weak
collisional coupling, w < vy and w > vy, respectively
(see, e.g., Zweibel & McKee 1995). However, it breaks
when w ~ vy (due to the interaction of the two species),
and when w ~ Qy (due to the effect of Hall’s term).
The dominance of the magnetic energy over the kinetic
energy related to the collisional interaction may be ex-
plained by the kinetic energy of the waves being more
efficiently converted into internal energy of the plasma
than their magnetic energy. However, a better under-
standing of this matter requires the use of a non-linear
approach that fully takes into account the heating of the
plasma.

5. SUMMARY AND DISCUSSION

In the present paper we have performed a comprehen-
sive study of the properties of small-amplitude Alfvénic
waves propagating in weakly ionized plasmas. We have
used a two-fluid model in which one of the fluids contains
all the electrically charged species of the plasma and the
other fluid is composed by the neutral species (see, e.g.,
Khomenko et al. 2014). In this model, the two fluids
are allowed to interact by means of elastic collisions. In
addition, the effect of Hall’s current has also been taken
into account.

For the sake of simplicity, we have considered that the
plasma is only composed of hydrogen and we have used as
a reference a toy model of the solar chromosphere, which
is described as an isothermal vertically stratified atmo-
sphere embedded in a uniform magnetic field. However,
as we have shown, the properties of the studied waves
mainly depend on the relation between their oscillation
frequencies and the characteristic frequencies of the sys-
tem, such as those related to the charge-neutral collisions
(Vne and vey) and those related to the cyclotron motions
of the plasma (£2; and Q). Therefore, we expect that the
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results discussed here can be easily generalized to other
astrophysical scenarios with different plasma composi-
tions like planetary ionospheres, the interstellar medium,
or molecular clouds.

In the first place, we have applied a normal mode
analysis to the linearized version of the two-fluid evo-
lution equations in order to derive the dispersion rela-
tion for incompressible and transverse small-amplitude
perturbations propagating along the background mag-
netic field. In the range of low frequencies (w <
Qu, Q) we have recovered the dispersion relation that
has already been derived by, for instance, Kulsrud &
Pearce (1969), Kumar & Roberts (2003), Zaqarashvili
et al. (2011), Mouschovias et al. (2011) or Soler et al.
(2013Dh), which describes the properties of linearly polar-
ized Alfvén waves in partially ionized plasmas. We have
studied how the wavenumber of the perturbations (kg)
and the damping rates due to charge-neutral collisions
(k1) depend on the relation between the wave frequency,
w, and the collision frequency, vy, confirming various al-
ready known results. For instance, in the strong coupling
conditions (vp. > w) found at the lower layers of our
model atmosphere, the damping rates are proportional
to the square of the wave frequency (so high-frequency
waves are much more efficiently damped than the low-
frequency ones) and the wavenumbers are inversely pro-
portional to the modified Alfvén speed (which takes into
account the total density of the plasma). On the other
hand, if the wave frequency approaches or becomes larger
than the collision frequency, the damping rates become
independent from w and the wavenumber is inversely pro-
portional to the classical Alfvén speed (which only con-
siders the density of the charged fluid). In addition, we
have checked the validity of the analytical approxima-
tions to the solutions of the dispersion relation provided
by Soler et al. (2013b), finding that they are in very good
agreement with the exact solutions in the limits of strong
and weak coupling.

As the frequency of the waves is increased, Hall’s cur-
rent starts to play a fundamental role (Lighthill 1960;
Cramer 2001), specially when the weak ionization of the
plasma is taken into account (Amagishi & Tanaka 1993;
Pandey & Wardle 2008). In this scenario, the waves are
no longer linearly polarized but circularly polarized and
their wavenumbers and damping rates strongly depend
on their polarization state. As shown in Figs. 9 and
10, the left-handed circularly polarized (ion-cyclotron)
modes are more efficiently damped by charge-neutral col-
lisions than the linearly polarized Alfvén waves and the
right-handed circularly polarized (whistler) modes. Fur-
thermore, the collisional interaction removes the reso-
nances and the cutoff regions of the ion-cyclotron modes
that would appear at w > Q; (for a fully ionized plasma)
and w > Qg (for a weakly ionized plasma) if the collisions

were not taken into account, in agreement with the find-
ings from Cramer & Vladimirov (1997), Rahbarnia et al.
(2010) and Martinez-Gdémez et al. (2017). Hence, ion-
cyclotron waves are no longer evanescent at this range of
frequencies, although they are still strongly damped by
collisions.

Apart from the wavenumbers and damping rates di-
rectly obtained from the dispersion relations, we have
also focused on other properties of the eigenmodes of the
two-fluid system, such as their phase speeds and their
polarization relations. Regarding the former, we con-
firm that the propagation speed of the linearly polarized
modes varies from the modified Alfvén speed (ca mod) in
the strong coupling limit (see, e.g., Kumar & Roberts
2003; Zagarashvili et al. 2011; Soler et al. 2013b) to the
classical Alfvén speed (ca) in the weak coupling regime.
Then, the whistler modes propagate at faster speeds than
the Alfvén waves, and the ion-cyclotron waves propagate
at slower speeds (see, e.g., Campos 1992; Cramer 2001).

Regarding the polarization relations, we show that a
phase shift of up to |®y| = 7/2 appears between the
velocities of charges and neutrals as the frequency w
approaches the collision frequency vy, in good agree-
ment with the numerical results from Martinez-Gdémez
et al. (2017, 2018), Popescu Braileanu et al. (2019a)
and Martinez-Sykora et al. (2020). Furthermore, we
find that the Walén relation for fully ionized plasmas,
which states that the perturbations of velocity and mag-
netic field are in phase for backward propagating Alfvén
waves and in anti-phase for the case of forward propaga-
tion (Walén 1944; Priest 1984), does not hold for high-
frequency waves in partially ionized plasmas. The phase
shift thus becomes a function of the relation between w
and vyc. This result may be relevant for the field of ob-
servations of oscillations in astrophysical plasmas, since
the Walén relation has been commonly used to identify
the presence of Alfvén waves in environments such as the
solar wind (see, e.g., Belcher et al. 1969; Belcher & Davis
1971; Burlaga 1971). Now, the existence of phase shifts
between the velocity of neutrals, the velocity of charges
and the perturbations of magnetic field might be used to
identify the presence of high-frequency Alfvénic waves in
partially ionized plasmas.

From the study of the eigenfunction relations we find
another formula that might be useful for the interpre-
tation of observational data of partially ionized plas-
mas. Equation (44) shows that (for propagating Alfvénic
waves) the ratio of velocities of charges and neutrals only
depends on the relation between the wave frequency and
the collision frequency. Hence, measures of the velocities
of the two fluids could be used to estimate the coupling
degree of the plasma. Since V, and V;, are complex quan-
tities, it is more convenient for this computation to use
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the ratio given by Eq. (60), which can be rewritten as

w [P
Yo S
e\ Va2 (70)

In this expression, the only unknown quantity is the col-
lision frequency, vy, since w, V¢, and V;, can be obtained
from observations. For instance, the works of KKhomenko
et al. (2016), Anan et al. (2017), Wiehr et al. (2019,
2021), Stellmacher & Wiehr (2017), Zapiér et al. (2022)
and Gonzdlez Manrique et al. (2024) have measured drift
velocities between ions and neutrals of up to ~ 1 km s—!
in solar prominences, which demonstrates that in some
regions of these solar structures the different components
of the plasma are not perfectly coupled. Therefore, Eq.
(70) might be applied to the data from the previously
mentioned works (or from similar investigations) to es-
timate the collisional coupling between the charged and
neutral components of the prominence plasma (and other
astrophysical environments), under the assumption that
the observed oscillations are related to Alfvénic waves.

In addition, we have investigated the relations between
the different components of the wave energy density and
their dependence on the frequency of the waves and their
polarization state. We have found that the classical
equipartition relation between kinetic and magnetic en-
ergy densities for Alfvén waves (Walén 1944; Ferraro &
Plumpton 1958; Braginskii 1965; Priest 1984) does not
generally hold when the effects of Hall’s current and
charge-neutral collisions are addressed. The relation is
still fulfilled in the limits of strong collisional coupling
(Vne > w) and of low frequencies (w < Q). However,
as illustrated in Fig. 14, we find that the magnetic en-
ergy density is larger than the total kinetic energy den-
sity for Alfvén waves (¥4 > 1) and, specially, for the
whistler modes (¥_ > 1). The ratio of magnetic to
kinetic energy density of the ion-cyclotron modes (X.)
strongly depends on the range of frequencies considered:
for strong collisional coupling and low wave frequency in
comparison with the Hall frequency (w < Qpy), the mag-
netic energy of these waves is smaller than the kinetic
energy (¥4 < 1); for larger frequencies with w < 2Qy,
the magnetic energy is larger than the kinetic energy
but with a smaller energy ratio than for Alfvén waves
(1 <Xy < Xp); finally, when w > 2Qy, the energy ratio
of ion-cyclotron modes becomes larger than the energy
ratio of Alfvén waves (X4 > ¥), but is still smaller than
that for the whistler modes (X1 < X_).

The lack of equipartition between the magnetic and the
kinetic energies has already been reported, for instance,
in observations and numerical simulations of Alfvénic
turbulence in the solar wind (Belcher et al. 1969; Tanen-
baum & Mintzer 1962; Dastgeer et al. 2000; Boldyrev
et al. 2012; Wang et al. 2011). Usually an excess of

magnetic energy has been found Belcher & Davis (1971);
Matthaeus & Goldstein (1982); Bruno et al. (1985); Chen
et al. (2013). This excess has been associated with the
influence of Hall’s term at short scales (see, e.g., Cam-
pos 1992; Galtier 2006; Lingam & Bhattacharjee 2016a,b;
Pouquet et al. 2020) and, more specifically, with the pres-
ence of whistler waves in the fully ionized plasma. The
present study supports this interpretation but also ex-
tends the investigation to scenarios in which neutrals are
involved. Hence, the results discussed here may be of
particular relevance for the research of turbulence in par-
tially ionized plasmas (see, e.g, Xu & Lazarian 2017a,b;
Benavides & Flierl 2020; Hu et al. 2024).

Moreover, we have shown that it is fundamental to
take into account the influence of dissipative mechanisms,
such as the collisional interaction, to prevent the mag-
netic energy density of the ion-cyclotron modes from be-
coming negative at frequencies larger than the Hall fre-
quency in the case of weakly ionized plasmas or the cy-
clotron frequency in fully ionized plasmas. In addition,
the total energy density would also become negative for
w > 20y and w > 2€); for weakly and fully ionized plas-
mas, respectively, if collisions between the different com-
ponents of the plasma are neglected. Regarding these
results, it is worth to mention that at such high fre-
quencies it may be more appropriate to use a three-fluid
model (see, e.g., Watanabe 1961a; Tanenbaum & Mintzer
1962; Pinto & Galli 2008), in which ions and electrons are
treated separately, instead of resorting to the two-fluid
model considered here, so the effect of the inertia of elec-
trons is not neglected. Therefore, it would be interesting
to check in the future the validity of these findings with
a more accurate plasma model, but also by studying the
full temporal evolution of the perturbations instead of
just focusing on the properties of the normal modes.

As concluding remarks, we discuss in the following lines
some possible improvements to the present work. We re-
mind that this is the first installment of a series devoted
to the study of the properties of magneto-hydrodynamic
waves propagating in weakly ionized plasmas. Here,
we have focused only on small-amplitude incompressible
perturbations, which correspond to the low frequency
Alfvén waves, and the high-frequency ion-cyclotron and
whistler waves. Therefore, the study of compressible per-
turbations, that is, magneto-acoustic waves, is left for a
forthcoming paper. Compressibility adds new modes for
wave propagation (see, e.g., Lighthill 1960; Goedbloed
& Poedts 2004; Zaqarashvili et al. 2011; Mouschovias
et al. 2011; Soler et al. 2013a) where the pressure forces
may play a relevant role, so it is also of great interest to
analyze their polarization relations and the distribution
of their wave energy using a two-fluid model. In addi-
tion, it has been shown by Waters et al. (2013), Cally &
Khomenko (2015), Gonzéalez-Morales et al. (2019), and
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Raboonik & Cally (2019, 2021) that Hall’s current pro-
duces a coupling between magneto-acoustic and Alfvén
waves in weakly ionized plasmas. The efficiency of this
coupling greatly depends on the relation between the fre-
quency of the wave, the cyclotron frequency and the ion-
ization degree of the plasma. Thus, it would be expected
that the Hall contribution to the Poynting flux would no
longer be Iy, = 0 but that it would have an increasing
influence in the propagation of high-frequency magneto-
acoustic waves.

The present analytical investigation has only consid-
ered the linear regime of the plasma dynamics, so it can-
not describe various relevant non-linear processes that
take place in partially ionized plasmas, such as the heat-
ing due to the charge-neutral collisions (see, e.g., Pid-
dington 1956; Osterbrock 1961; Leake et al. 2005; Song
& Vasyliunas 2011; Arber et al. 2016; Soler et al. 2016;
Khomenko & Cally 2019), and the influence of the col-
lisions on the evolution of shocks (Hillier et al. 2016;
Popescu Braileanu et al. 2019a,b; Snow & Hillier 2021)
or on the ponderomotive force that couples Alfvén and
slow waves (Martinez-Gdémez et al. 2018; Ballester et al.
2020, 2024). These processes are more appropriately ad-
dressed by means of numerical simulations, which will be
also used in the future to get a better understanding of
the evolution of the energy of the waves and the relations
between its components.

Furthermore, here we have studied the role played by
Hall’s current on Alfvénic waves. However, we have ne-
glected other non-ideal effects, such as resistivity (Ohmic
diffusion), which has been shown to have a strong impact
in the damping of the whistler modes at high frequencies
(see, e.g., Martinez-Gdomez et al. 2017), or heat conduc-
tion and viscosity, which have been found to be more effi-
cient than charge-neutral collisions in damping the slow
magneto-acoustic waves in the solar chromosphere and
prominences (Forteza et al. 2008; Soler et al. 2010; Bar-
celé et al. 20115 Soler et al. 2015b). These effects need
to be taken into consideration altogether to get a more
complete description of the dynamics of partially ionized
plasmas.
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APPENDIX
A. WAVELENGTHS AND DAMPING LENGTHS

For the sake of completeness, we show here the solu-
tions to Eq. (50) in terms of the wavelengths and damp-
ing lengths of the waves, which are given by

)‘R = 2% and >\I = kil, (A].)
respectively. The results as functions of height are dis-
played in Fig. 15, including the solutions for the linearly
polarized Alfvén waves (black thin lines), and the cir-
cularly polarized ion-cyclotron and whistler modes (rep-
resented by the red lines and the blue symbols, respec-
tively). We see in the top panel that the wavelength
always increases with height except for the case of the
ion-cylotron mode with wpyax at the bottom layers of the
atmosphere, which has a minimum wavelength around
z ~ 0.5 Mm. For the waves with the lowest frequencies
(w3 and wpiy ), which have periods of 10 and 100 seconds,
the wavelength becomes of the order of 10® km (or larger)
at the top layers, which is comparable with the size of
the model atmosphere we have considered. Therefore,
we expect that at such heights these waves are strongly
affected by the gravitational stratification, as it is dis-
cussed in Appendix B. At the bottom layers we see that
the wavelength of the Alfvén modes is inversely propor-
tional to the wave frequency and it is always smaller than
the wavelength of the whistler modes. In this region of
the atmosphere, the modes corresponding to the largest
frequencies (and periods of 0.1 and 1 seconds) have wave-
lengths shorter than 1 km.

The bottom panel of Fig. 15 shows that for the lowest
frequency (wmin = 0.027 rad s~1) the damping lengths
are much larger than 10* km, meaning that the corre-
sponding waves will cross the atmosphere without any
noticeable decrease in their amplitude. Then, the damp-
ing length has a strong dependence on the inverse of the
wave frequency, reaching values of the order of 10 m for
the highest frequency waves at the bottom layers of the
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Figure A15:. Wavelength Ar (top panel) and damping
length A1 (bottom panel) as functions of height for the
Alfvén (black thin lines), ion-cyclotron (red lines) and
whistler (blue symbols) modes. The vertical dotted line
marks the height where wpax = Qg.

atmosphere. The damping lengths of the ion-cyclotron
modes are always smaller than those of the Alfvén waves,
which are in turn smaller that the damping length of the
whistler modes. This shows again that in the regime of
high frequencies, the effect of charge-neutral collisions on
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the propagation of waves strongly depends on their polar-
ization state, with the right-handed circularly polarized
modes being able to propagate across larger distances
than the other two kinds of waves.

B. ON THE EFFECT OF GRAVITATIONAL
STRATIFICATION

The results analyzed in the main text have been ob-
tained by neglecting the influence of gravitational strat-
ification on the wavelengths and damping lengths of the
perturbations. As mentioned in Section 3.1, this has been
justified on the assumption that the wavelengths result-
ing from the dispersion relation are much shorter than
the vertical scale heights related to gravity. To check the
validity of this assumption, we present in Fig. 16 the
ratio H, /AR as a function of height. We have chosen the
vertical scale height of the neutral fluid as the value of
reference for this comparison because it is smaller than
H., so it is more restrictive, and also because we are
analysing a weakly ionized atmosphere, so it is expected
that (when the collisional coupling is strong) the phys-
ical conditions of the neutral fluid would have a larger
impact on the hydrodynamics than those of the charged
fluid.
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Figure B16:. Comparison of the gravitational scale

height, H,, and the wavelengths, Ar as functions of
height. The horizontal dashed line represents the value
H,/Ar = 1. Same colors, lines, and symbols styles as in
Fig. 15 have been used.

We see in Fig. 16 that at the bottom of the model at-
mosphere all the modes have a ratio H,/Ar > 1, so it is
not expected that the gravitational stratification has any
significant effect on the wavelength and damping rates
of the perturbations. The ratio tends to increase with
the frequency of the waves (except for the case of the
the ion-cyclotron mode, which shows a smaller value for
Wimax = 207 rad s~ than for wy = 27 rad s™!). Hence,
the assumption of neglecting the vertical stratification is
more valid for the case of high-frequency waves. How-
ever, as we move towards the upper layers of the atmo-
sphere we find that the ratio becomes H, /Ar < 1 (except
for wmax), specially for the longer periods, which show
values of H,/Ar < 1. Thus, the assumption of neglect-
ing the vertical stratification breaks for the low frequency
waves and the analysis previously performed has to be
taken with some caution, although it serves as a good
first approximation to the properties of these waves. For
the high-frequency waves the assumption can be safely
applied at almost every height of the model atmosphere.

Another important effect of the gravitational stratifi-
cation that is not captured by our analysis is the growth
of the velocity amplitude as the waves propagate from
the bottom denser layers of the atmosphere to the top
lighter layers (see, e.g., Zaqarashvili et al. 2013). De-
pending on the initial amplitude of the perturbation, this
growth can lead to non-linear effects such as the devel-
opment of shocks (Montgomery 1959; Cohen & Kulsrud
1974) or the generation of perturbations in density and
pressure (Hollweg 1971; Rankin et al. 1994), which can-
not be described with the linear method used here. Nu-
merical simulations would have to be used to properly
address the non-linear regime of waves propagating in
a two-fluid stratified atmosphere. This has been done,
for instance, by Popescu Braileanu et al. (2019a,b), who
found that the collisional damping may reduce the for-
mation of shocks and smooth the steep wave fronts.



